FULL ASYMPTOTIC EXPANSION OF THE HEAT TRACE FOR 
NON-SELF-ADJOINT ELLIPTIC CONE OPERATORS 



JUAN B. GIL 



Abstract. The operator e~'^ and its trace Tre~'^, for t > 0, are investigated 
in the case when A is an elliptic differential operator on a manifold with conical 
singularities. Under a certain spectral condition (parameter-ellipticity) wc obtain 
a full asymptotic expansion in t of the heat trace as f — > 0+. As in the smooth 
compact case, the problem is reduced to the investigation of the resolvent (A—X)~^. 
The main step consists in approximating this family by a parametrix of A ~ X 
constructed within a suitable parameter-dependent calculus. 



1. Introduction 

In this paper the operator e~*'^, i > 0, is investigated on manifolds with conical 
singularities. The operator A is assumed to be an elliptic differential operator of arbi- 
trary positive order, not necessarily self-adjoint, but satisfying an analog of Agmon's 
condition (parameter-ellipticity) on a sector {A G C | i^j < arg X < 2t: — cp} for some 
< (p < 7r/2. Our main aim is to describe the pseudodifferential structure of the 
resolvent {A — A)"-'^ as well as the asymptotic behavior, a,s t ^ 0+, of the operator 
e~*^ and its trace Tre"*"* (heat trace). 

From the analytic point of view a cone is a product (0, c) x X together with a metric 
of the form dr^ +r'^gx{r), where Qxir) is a smooth family of Riemannian metrics on the 
'cone base' X. Here, X is assumed to be a smooth compact manifold without boundary. 
For this reason, the analysis on a manifold with conical singularities takes place on a 
manifold with boundary B with the mentioned product structure near 9B = X. The 
natural differential operators appearing in this context are given, near the boundary, 
by the so-called operators of Fuchs type, cf. equation ( p.l] ). These operators arise, for 
instance, when considering Laplace-Beltrami operators associated to the metrics given 
above. A cone differential operator is a differential operator on the manifold B which 
is of Fuchs type near the boundary 9B. 

There is a large number of papers concerning asymptotic expansions for resolvents, 
heat kernels and heat traces on smooth compact manifolds with and without bound- 
aries, and their applications to geometry, index theory, mathematical physics and other 
areas. A large collection of references related to this topic can be found in Gilkey's 
book |p/7| , Chapter 5]. Let us especially mention the important papers [Q, (l6), Q 
and ||34| . An elegant pseudodifferential method for the study of resolvents of ellip- 
tic differential operators on smooth compact manifolds was introduced by Seeley in 



42 1 , ||4^ , 1^ . The idea of his approach is to approximate the resolvents by means of 
parametrices that are constructed within a corresponding parameter-dependent pseu- 
dodifferential calculus, where the parameter (up to a natural anisotropy) is involved 
as an additional covariable. For genuine pseudodifferential operators the situation is 
more delicate and other methods are required, cf . [|ll| , Q , , ji^ . 

1 



2 



JUAN B. GIL 



On manifolds with conical singularities the analysis becomes more complicated. 
However, for certain classes of self-adjoint operators on some singular manifolds there 
are many results concerning resolvent, heat kernel and heat trace asymptotics; in this 
context we want to refer to |], §, [|, [|, [|, ||, [|6), [|8| and [||. In particular, 
Lesch [|8) generalized the method introduced by Bruning and Seeley in [Q and 
obtained asymptotic expansions of the heat trace for self-adjoint differential operators 
with coefficients that are independent of the radial variable near the singularities. For 
the more general dependent case he obtained partial expansions. Let us finally mention 
that LOYA |2^, has recently obtained similar results to those from this paper by 
using geometric blow-up techniques of Melrose. 

The strategy of this work is to follow the resolvent approach mentioned above 
by introducing a suitable notion of parameter-dependent ellipticity (generalizing self- 
adjointness), and by giving an explicit construction of a parametrix within a natural 
class of operator-valued symbols. We also take advantage of a parameter-dependent 
symbol class introduced by Grubb and Seeley in order to consider successfully 
operators whose coefficients do depend smoothly on the radial variable r near (i.e., 
near 9B), cf. equation (^). 

In Section || we introduce the class of cone differential operators and discuss briefly 
some of the typical elements of Schulze's cone calculus. For an extensive study of 



cone algebras we refer to |^ , |^ and |36| . In the third section we analyze the operator 
family A — Xior a, cone differential operator A. The main idea is to consider A — X as 
an element of a certain class of operator-valued symbols, defined in an abstract setting 
by means of strongly continuous groups acting on Banach spaces. The parameter 
A plays the role of the covariable and is treated anisotropically with respect to the 
covariables of the local symbols. Moreover, by freezing the coefficients of A at the 
boundary, cf. equation (3.3), we get a canonical object (the twisted homogeneous 
principal symbol) that together with the symbolic structure of A characterizes the 
parameter-ellipticity of A — A. Our concept of ellipticity turns out to be sufficient and 
necessary for the invertibility of A — A on the canonical weighted Sobolev spaces. Next, 
we construct a parametrix, that is, an element of the class that inverts A — \ modulo 
operator- valued functions decreasing rapidly in the parameter and taking values in the 
Green cone operators. This parametrix construction essentially relies on techniques 
introduced by Schulze for the analysis on manifolds with edges. In Section |3.3| 
we consider a modified version of the parameter-dependent pseudodifferential calculus 
developed in . This class contains the holomorphic symbols arising from the Mellin 
pseudodifferential theory considered in this work. The main purpose is to achieve an 
asymptotic expansion of the local symbols in the parameter A as |A| — > oo. 

The last section is devoted to the study of the heat operator associated to a cone 
differential operator A of order m > which is parameter-elliptic in a suitable sector 
A C C. Using the resolvent estimates obtained here, we define the semigroup {e~*'^}t>o 
by means of Dunford integrals. It is then proved that for each t > 0, the operator e~*^ 
belongs to the class of Green elements in the cone algebra (see Appendix P). Green 
operators in the cone theory are actually integral operators whose kernels are smooth 
in the interior and behave in a particular way near the boundary. As a consequence, 
each operator e"*"^ {t > 0) is of trace class on the weighted Sobolev space H'^'^iM) for 
all s e M, whenever A is parameter-elliptic with respect to the weight 7. Moreover, we 
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show that the heat trace admits the expansion 

Tre"*^ - Jcfc^C'^-"-!)/™ + £c^i'=/™logi, as t^0+, 

k=0 k=a 

where n = dim^IB. The coefBcients Ck and CI depend on the principal symbol of the 



cone operator A, and on its boundary spectrum (cf. Section 2.1). 

Roughly speaking, the construction relies on the use of three different pseudodif- 
ferential calculi of local and global nature. The problem is reduced to an asymptotic 
expansion of the resolvent power {A — A)~^, for ^ G N sufficiently large, which is viewed 
as an operator-valued symbol of negative order. Using the standard symbolic calculus 
we get a first approximation of {A — A)^^ by means of a parametrix of (A — XY . The 
part of this parametrix localized in the interior of B provides a 'good' approximation 
of the resolvent since the local symbols are homogeneous. In order to achieve a suit- 
able approximation of the resolvent near the boundary, we refine the parametrix by 
decomposing it into twisted homogeneous operators, separating at the same time the 
smoothing Green terms from the nonsmoothing parameter-dependent Mellin operators 
with degenerate symbols. The twisted homogeneity, which induces scalability of the 
kernels, permits us to imitate in a global sense the usual homogeneity arguments, but 
it is not enough to obtain the expansion of the nonsmoothing Mellin components. Nev- 
ertheless, a complete asymptotic expansion of these operators can be achieved making 



use of the weakly parametric calculus from Section 3.3. 

Finally, in order to reduce the search through the literature, some basic results and 
definitions are summarized in the Appendix. 

2. Elements of the cone algebra 

2.1. Cone diflferential operators. Let X be a smooth manifold of dimension n. 
Denote by the space R+ x X. A differential operator in Diff™(X'^) is said to be 
of Fuchs type if, expressed in the coordinates (r, x), it is of the form 



m 

(2.1) A = r-"^afe(r)(-r9,)'= 

k=0 



with flfc e C°°(M+,Diff™"''(X)). Diff'' denotes the space of differential operators of 
order e No with smooth coefficients. 

Example 2.1. Let X^ be equipped with the cone metric dr^ +r'^g^{r), where g^{r) 
is a family of Riemannian metrics on X, smooth in r £ R+ — [0, oo). 
The Laplace-Beltrami operator Acm corresponding to this metric is an operator of 
Fuchs type. In fact, 

Aen, = |Ag^(,) + {-n+l- TG-\drG)} {-rdr) + {-rdrf] , 

where, in local coordinates (r, xi, . . . , a;„), G{r,x) = \ det{g^{r){dxi,dxj))\^^^ ■ 

On a smooth manifold with boundary M we may consider the so-called b-tangent 
bundle ^TM (cf. Melrose jH, Section 2.2]). For a differential operator of Fuchs 



type A as in (|2T|) there is a function cr^,,(^) in C'°°(^T*X^ \ 0) such that, in local 



coordinates (r, x) G M+ x J7, ?7 C X, it takes the form 

(2.2) a:^^,{A){r.x,Q,i) ^ r^a:^{A){r,x,e/r,i), 
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where cr™(A) is the usual homogeneous principal symbol of A on X^. '^T*X^ denotes 
the dual of ''TX^, and {g, i^) £ M x M" are the covariables to (r, a;). 

Fredholm properties of Fuchs type operators are determined by a pair of symbols. 
The first one is the homogeneous principal symbol cr™^(A) which characterizes the 
ellipticity in the interior. The second one is the so-called conormal symbol of A which 
is an operator-valued symbol, living at the boundary, that can be described by means 
of the Mellin transform 



Mr-.zu{z)=: / r^-^u(r)dr for u £ Co°°(M+). 







The point is that the totally characteristic derivative {—rdr) corresponds, in the image 
of the Mellin transform, to multiplication by the complex variable z. Therefore, if 
ak G C°° (K.^, Diff'"~^(X)) for k — 0, ...,to, are the coefficients of the operator A 



from (2.1), then the operator- valued polynomial 



(2.3) ft.(r, z) ^afc(r)z'= with (r, z) e ' 



k=0 



may be interpreted as the corresponding Mellin symbol of A. In other words, for any 
real P and u £ C^(X^) C^{R+,C°°{X)) we have the relation 

(2.4) Au{r) ^ [opM{h)u]{r) -.^ ^ [ r-'-'^hir, z)[Mr'^zu]{z)dz, 

where := {z e C\ ^z ^ /?}. Observe that z ^ h{r,z) : C ^ Difr'"(X) is 
holomorphic for each r e M+. Now, the conormal symbol (t^{A) of the Fuchs type 
operator A is just the polynomial ( ^.3[ ) evaluated at r = 0, i.e., 



<^(A)(z) :=M0,;2) = E«^(0)^'- 



fc=0 



The property of being Fuchs type is invariant under changes of coordinates, so (2.1) 
serves as model for a class of operators on manifolds with boundaries. After a suit- 
able blow-up, a manifold with conical singularities becomes a smooth manifold with 
boundary with a structure that can be precisely described by operators of Fuchs type. 

Definition 2.2. Let B be a smooth compact manifold with boundary dM = X. The 
space Diff'"(B)conc of cone differential operators consists of all operators in Diff™(intB) 
which are of Fuchs type near the boundary. 

Fix once and for all a defining function r for the boundary of B, that is, a smooth 
function r : B ^ R-|_ such that r is positive in the interior of B, it vanishes on 9B, and 
dr 7^ on SB. We assume that r~^([0, 2)) is a collar neighborhood of 9B in B. 

The conormal symbol of a cone operator A is defined as the operator family 

u ^ r'"-M(r"u)|,=o : C°^{X) C°°{X), 

where u is some extension of u. 

A function to G C|^(R+) is called a (boundary) cut-off function if suppw C [0,2) 
and w = 1 near r = 0. Note that every w can be viewed as a function on [0, 2) x X as 
well as a function on B, extending by zero. We say that two functions 0, -0 satisfy the 
relation ^ -0 if and only if 0-0 = 0. 
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Remark 2.3. Let loq, loi and L02 be cut-off functions with L02 ~< i-^i ~< ujq- Let B be the 
double of B. Since differential operators are local, i.e., suppAw C suppu, the elements 
of Diff'"(]B)conc can be written in the form 

A = ujiAqujo + (1 - u!i)Ai{l - UJ2), 

where Ag is of Fuchs type on and Ai e Diff'"(B). In this decomposition, ^0 is 
not canonical but its conormal symbols is that of the operator A. Further, the interior 
principal symbol cr?(A) of A induces a symbol aT^iA) € C°°(''T*B \ 0) that, in local 



coordinates near the boundary, satisfies the relation (2.2) 



Proposition 2.4. The class of cone differential operators is closed under composi- 
tions. Moreover, the conormal symbols satisfy the relation 

(2.5) <^+"^(A2Ai)(z)-a;7(^2)(^ + mi)a;7(^i)(z). 

Definition 2.5. A G Diff™(B)cono is called elliptic with respect to 7 G M if 

(i) a;",,(A)^Oon^T*B\0, 

(ii) aJ^f{A){z) : iJ'"(X) ^ L^{X) is an isomorphism for all z G r^_^. 

As in we denote 

spec(,(^) := {z G C I a'^j{A){z) : H"\X) L^{X) is not an isomorphism}. 

This set is called the boundary spectrum of A and is known to be discrete, and finite 
on vertical strips. 

Example 2.6. Let g be a metric on B that coincides with a cone metric in a collar 



neighborhood of 9B — X, cf. Example 2.1. Then the corresponding Laplace-Beltrami 



operator Ag is an elliptic cone differential operator with conormal symbol 

f^M(^s)(^) = ^s,^(0) -{n- l)z + z^, n = dimX 

In this case, z G specj(Ag) if and only if [n — l)z — G spec 1^2 (^x){^ 9^(0)) ■ 

2.2. Weighted Sobolev spaces. Let us introduce a scale of weighted (cone) Sobolev 
spaces on which the cone operators act continuously. These spaces are defined in 
a similar way as the usual Sobolev spaces but based on the Mellin (instead of the 
Fourier) transform in the singular direction. Recall that F/j = {z G C | 5Rz = /?}. 
For s,7 G K let ?t:"'''(]R+ x M") be the closure of C^(M+ x M") with respect to 

Ikll?^.. = ^ //r {l + \z? + \ey\{Mr-^.F.^^u){z,0?dzd^. 

The transformation S^-:i : C^(M+ x M") Co°°(Ri+") given by 

(S'^_.j u) (r, x) = e-('^-^)'■^i(e-^ x) 

extends to an isomorphism : 7i:"'^(]R+ x K") i7'*(Ri+"), where iJ" denotes 

the standard Sobolev space. We get the equivalence of norms 

(2-6) ll"ll-H'>-T(R+xR") ll'^7-t"||_f/s(Ri+")- 

In order to define the suitable Sobolev spaces on the manifold X^ we fix an open 
covering {Ui, . . . , Un} of X with corresponding diffeomorphisms Xj ■ Uj — ^ C M" 
and kj : Uj —^VjCS"", where S" is the unit sphere in ]R^+". In addition, we define 
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Kj : M+ X Uj M1+" \ {0} by Kj{r,x) :— rRj{x). Let finally ,4'n} be a 
subordinate partition of unity. 

Definition 2.7. Let a; be a cut-off function. For 5,7 G M let A^'*'^(X^) denote the 
closure of C^{X^) with respect to the norm 

N 

(2.7) = XI {ll^J*('^J^")llw--'(K+xK") + ll'^J*(<?^j(l ~'^)")IIh=(R1 + ")}- 

Note that for every fixed localization data (partition of unity, diffeomorphisms Xj 
and Kj, and cut-off function w) the space 1C^''^{X^) has a Hilbert space structure. 
Another choice of data yields a norm equivalent to (^.7]). The spaces A^'*''''(X^) are 
subspaces of H^^^{X^). In particular, we have KP^°{X^) = L^{X^ ,r"drdx). 

Proposition 2.8. Let A G Diff™(X^) be of Fuchs type with coefficients ak{r) that are 
independent of r for large values of r. Then the map 

A : IC'''<{X'') ^ /c""™^'^"™(X^) is continuous for all 5,7 £ R. 

Definition 2.9. For 5,7 £ M and u; a cut-off function on B, let 

W'^iB) {u e P'(intB) | uju G /C^^^(X^) and {1 - lu)u £ i?"(B)}. 
We endow this space with the norm 

ll"llw-T(B) = \\^u\\k-,-,{x--) + U^-'^Mh^r) ■ 

Another cut-off function u leads to an equivalent norm. 7-^'''^(B) is a subspace of 
i7f„^(intB) and 7^"-°(B) r""/^^^^]^) foj. boundary defining function r. Further, 
'W^^^(B) = r''7^''^°(B) for every 7 G R. Moreover, the space is a Hilbert space. 

Lemma 2.10. Let s, s',j,"f' G R, and let loq, loi and loi he cut-off functions. Let Aq 
and Ai be operators on X^ and B, respectively, such that 

tJiAoWo e /:(/C"^^,/C"''''') and {1 ~ uji)Ai{l - UJ2) e C{H' , H"'). 

If A ~ ujiAqluq + (1 — LUi)Ai{l — UJ2), then there exists C > such that 

\\A\\ 

Proposition 2.11. Any A G Diff'"(B)conc extends to a continuous operator 
A : n^'^'^iM) n^-"^'''-"'{B) for all 5,7 G M. 



Ftedholm property. The concept of ellipticity introduced in Definition 2.5 leads 
to the Frcdholm property of the elliptic operators on the weighted Sobolev spaces on 
B. More precisely, if A G Diff™(B)conc is elliptic with respect to 7, then the map 

A : n''''{M) n^~"^'''-"\M) is Fredholm for aU s G M. 

This is a consequence of the following 

Theorem 2.12. To every A G Diff™(B)conc; elliptic with respect to 7, there exists a 
cone pseudodifferential operator Q of order — m such that 

QA-l: n°°''<{M) and AQ - 1 : 7^''^t-™(B) ^ H°°''^"™(B) 

are smoothing operators of Green type (Appendix^). Q is called a parametrix of A. 
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Remark 2.13. If A is elliptic with respect to two different weights, say 71 and 72, then 
the difference between the Fredholm indices depends on the elements in the boundary 
spectrum of A situated between the corresponding weight lines in C. Moreover, there 
is an exphcit formula for the difference ind-y^A — ind-yjA, cf. p9|] . 

Adjoint operators. The restriction to C^{X^) x C^{X^) of the sesquilinear 
pairing (•, ■)ico.o extends to a nondegenerate pairing 

IC'^'^iX'') X K.-^'-'^iX'') C for any 5,7 G M. 

The formal adjoint of A G C{IC^'^ , K.^^"^'"'^"^) with respect to (•, ■)ico.o is the unique 
operator Aq satisfying {Au,v) = {u , A^v) for all u,v € C^{X^). More precisely, if A 
is a Fuchs type operator as in (2.1), and u G C^{X^), then 

m 

A*u{r) = r-™ ^(n + 1 - m + rdr)'' {ak{r)* u{r)} , 

where ak{r)* denotes the pointwise formal adjoint in L^(X). For an arbitrary /3 G R 
the adjoint of A with respect to (•, Ok". 3 is given by A*^ = v^'^ AqV~^^ . Here r is a 
defining function for the boundary of X^ with r = 1 near infinity. 



3. Parameter-dependent calculus 

In this section we basically concentrate our attention to the operator family A — X 
as the typical parameter-dependent cone operator. In fact, all the results exposed here 
can be generalized to wider classes of parameter-dependent cone pseudodifferential 
operators, cf. 1, [H, H, @, HI- 

Let A C C be a closed angle with vertex at the origin. Let X be a smooth compact 
manifold, dimX = n, and let B be the manifold with boundary dM — X introduced in 



Section 2.1. RecaU that B denotes the double of B. Again, let AT^ = M+ x X 



3.1. Ellipticity condition for A — A. If A is a cone differential operator of order 
TO G N, and A G A, then A — X can be written in the form 

m 

(3.1) A-X^u;i (r-" ^ afc(r)(-r9,)'= - a)c^o + (1 - c^i)(P - A)(l - c^a), 

k=0 

where Ofe G C°°(l+, Diff""''(X)), P G Diff™(i), and luq, wi and W2 are cut-off func- 
tions with LU2 ^ LUi ^ loq. Denote a (A) ~ A — X and 

m 

(3.2) a^(A) = r-'" ^ ak{r){-rdr)'' - A G Ll^-"" {X ; A) . 

k=0 

Because of the presence of loq and uji in ( |3.l|) we may assume that every afc(r) is 
independent of r for r > 2. Then, for every s, 7 G M we have 

G 5"''™(A;/C"^^(A:^),/C''~™''^"™(X^)) (cf. Appendix |cl) 

with the strongly continuous group of isomorphisms defined by 

{Kru){r,x) :— uijr, x) for r > and n = dim AT. 
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A proof of this statement can be found in Prop. 3.1.1] or Prop. 3.3.S 
Finally, let 

m 

(3.3) <(a)(A) r"" ^ afc(0)(-ra.)'= - A. 

fc=0 

This operator-valued symbol satisfies the homogeneity relation 



for all r > 0, A £ A \ {0}. For this reason, (3.3) will be called the twisted homogeneous 



principal symbol of a(A). Due to the local property of the operator A, (7™(a) is well- 
defined and certainly a canonical object that can be used to define the parameter- 
dependent ellipticity of A — A: 

Definition 3.1. The family a(A) = A — A is said to be parameter- elliptic with respect 
to 7 e R on A if and only if 

(i) (''r*BxA)\0, 

(ii) speCb(A) n r^+i,^ = 0, (cf. Definition ^ 

(iii) cr™(a)(A) : /C"'''(A^) /c^-™,7-m(x^) is an isomorphism for some s e R and 
every A G A sufficiently large. 

Theorem 3.2. If A — X is parameter- elliptic with respect to 7, then there is a constant 
R > such that A - X : H*'''(B) H'-'"''^-'"(B) is invertible for every A £ A 
with |A| > R, and all s G R. Furthermore, there are constants C{s,j,m) > and 
M{s,j,m) > such that 

WiA - A)-i^(^._,„_„) < C(l + lAri+^^Z". 

Proof. In Theorem we will construct a parametrix 6(A) of a(A) = A — X such that 
5 = a6 — 1 G ^(A, Cg(B, (7 — w, 7 — m))). Moreover, this construction will provide a 
family {6(A)}aga C C{n'~"^-'f ~"'{M), (B)) that belongs to the class 

S'^7"+*^'™(A; H""™'^"™(B), H"""''^"™( 
for some M = Ms_^.„i > 0, cf. Remark 3.14 and Appendix 



Fix now So e K- In /:(H"»""'''""(B)) we have the estimate 

||a(A)6(A) - 1|| < C(l + |A|)~^ for every G N. 

Hence for some i? > we get ||a(A)fe(A) - 1|| < 1/2 for aU |A| > R. Therefore, a(A)fe(A) 
is invertible in i;(W' (B)) for |A| > i?, and || [a(A)fe(A)]-i || < 2. In fact, the 
inverse of a(A) is given by 6(A)[a(A)&(A)]~^. Furthermore, 

||a(A)-i|| = ||6(A)[a(A)6(A)]-i|| <2||fo(A)|| <C,„^^,™(l + |A|)-i+*^/'" 

for some constant Csg^-/^m- The last inequality is the symbol estimate of 6(A) as an 
operator- valued symbol of order (— m + M,m). In order to see that for |A| > i? the 
operator a(A) is invertible even for all s G R, let 5 = &a — 1 G S{A, Cg(B, (7, 7))). Then 
the inverse of a(A) can also be written as 

a(A)-i = 6(A) - 6(A)g(A) -f g{X)a{X)-'g{X) 

which belongs to /:(H^""^^""(B), 7^"^^(B)) for all s G R and |A| > R. Observe that 
the inverse of a(A) appearing between g and g is the inverse with respect to sq. □ 
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Corollary 3.3. If A — X is parameter- elliptic with respect to 7 and 6(A) is a corre- 
sponding parametrix, then there exists R > such that 

{A ~ A)-i - 6(A) e S{Ar, Cg(B, (7 " m, 7))), 

where Ar = {X £ A \ \X\ > R}. 

Although the parameter-ellipticity introduced above seems to be a strong condition, 
it is indeed necessary for the invertibihty of A — A on the weighted Sobolev spaces. 

Theorem 3.4. Let A e Diff"(B)conc be such that A-X: H"'''(B) ^ H"-™^^-™(B) is 
invertible for all X £ A sufficiently large, and || (A — A)~^ || is uniformly bounded. Then 
A — X is parameter- elliptic with respect to 7 in the sense of Definition 3.1. 

A proof of this theorem together with other results concerning resolvents of cone 
operators on arbitrary domains will be given in | |T^ . 

Example 3.5. Let (3 e C°°(X^) with /3(0) = 0. Let D{r) be a smooth family of 
elliptic sclfadjoint differential operators on X such that 

speci.(^)(i?(0)) C (-00, <5) with<5= (^-|7-2|-2)(ii±i-|7-2|). 

Then the Fuchs type operator Aq ~ r^^ {D{r) — (1 — n + (3[r)){rdr) + (f3r)^} is a 
positive self-adjoint operator on KP''^~'^{X'^) with JC'^''^{X^) as domain. Further let 
Ai S Diff^(B) be such that ^1 — A is parameter-elliptic]^ on a conical set A contained 
in the resolvent set of ^o- Then the operator family 

A-X:= LOi{Ao - X)loo + (1 - ^i){Ai - A)(l - UJ2), X £ A, 

is parameter-elliptic with respect to 7 for any cut-off functions uj2 ~< uji ~< luq. 

Example 3.6. Let A e Diff™(B)conc be such that A — A is parameter-elliptic on A. If 
_B is a cone differential operator of order less than m, then for any sufficiently small e 
the family A -f eB — A is also parameter-elliptic. 



3.2. Parametrix construction. Let us set again a(A) = A — X for A G A. Using (3.1) 
and (3.2) we rewrite 

(3.4) a(A) = toi aA(A)cjo + (1 - cJi)(P - A)(l - UJ2). 

Our strategy to find a parametrix of a(A) will be to construct a parametrix of a/\{X) on 
X^ using techniques borrowed from the edge symbolic calculus introduced by Schulze, 
cf. |3^, The parametrix construction for P — A is well-known and can be found, 
for instance, in Section 11]. 

Definition 3.7. Let /i e M, d e N and let d := (1, d). Let M^''^{X] A) be the space of 
holomorphic functions 

z ^ h{z, A) e 0(C, L^'''(A; A)) (cf. Appendix ^ 

such that /i|r^ e Kti^'^ ^0 ^ ^) every /3 £ R, uniformly for /3 in compact intervals. 

The elements of C°°(R+, Mq'''(A; A)) will be called parameter- dependent holomor- 
phic Mellin symbols. The corresponding smoothing class is defined by replacing fi by 
—00 and omitting d. Recall that V p — {z £ C \ 5Rz = /3}. 



^In this case, parameter-elliptic on A just means c!'^{A\) — A ^ on r*B X A \ 0. 
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Example 3.8. The operator- valued function h{r, z, A) = X^fcLo ak{r)z''—r™X is clearly 
an element of C°°(l+, M^'™(^; A)). 

Let Cg(B, (•, •)) denote the class of Green cone operators as defined in Appendix 
and let 5(A, Cg(B, (•, •))) be the space of rapidly decreasing Cc-valued functions. 

Theorem 3.9. (Parametrix) If a{X) = ^ — A is parameter- elliptic with respect to 7, 
there is a family b{X) of cone pseudodifferential operators of order —m such that 

6a- 1 e 5(A,Cg(B,(7,7))) and a6 - 1 e 5(A, Cg(B, (7 - m, 7 - m))) . 
The family 6(A) is a (parameter- dependent) parametrix o/a(A). 

To prove this theorem let us first construct a parametrix of on X^, i.e., a pseu- 
dodifferential family 6a (A) such that 

(3.5) 6AaA-leRG°°(A,(7,7)) and a^^A - 1 G Rg"(A, (7 " ™, 7 " "^)), 

where Rq°°(A, (•, •)) is the class of Green operator-valued symbols from Appendix ^ 
The construction of 6a(A) will be carried out in several steps. 

Lemma 3.10. (Step 1) There is a family 61(A) of pseudodifferential operators of 
order —m such that 

1. aA(A)6i(A)-l ei— (X^;A), 

2. alj{ar.h)iz) - 1 G M^°^{X), 

3. 0^61 - 1 G S°f'{A;lC''-<-"'{X''),JC''''''''"'iX''Y) for all s,s',ae R, where 
jC^'n-mf^X^'Y (1 + ry^ /C"'''^-™(X^). 

Lemma 3.11. (Step 2) There is a meromorphic function f such that if 

vi{\) cji(r[A]„i)r™op^^(/)wo(»'[A],„) 
with [A]m as in (|5.2| ), then a/-,{bi + vi) — 1 G Rq™(A, (7 — m, 7 — rn)). 

Lemma 3.12. (Step 3) There is a Green symbol gi G Rq™''"(A, (7 — m,7)) such 
that 6^ 61 + vi -\- gi satisfies a^{a/^)^^ = (Ta"'(^a)- -^^ particular, this implies 
a^.b'j^ - 1 G Rq^'™(A, (7 - m, 7 - m)). 



Lemma 3.13. (Step 4) There is a parametrix br^ of such that (3.5) holds. 

Proof of Lemma 3.10 . In the representation ( ^t| ) we may choose the coefficients 
Ok such that ak(r) = afc(O) for r > 2. Thus aA(A) may be assumed to be parameter- 
dependent elliptic on A as an operator family living on X^. Therefore, there exists a 
family of pseudodifferential operators 60(A) G L~™'™{X^; A) such that 

(3.6) aA(A)6o(A)-lGi-°°(X^A). 

Moreover, 60(A) can be written as r™opr^(q)(A) with a symbol q such that 

q{r, X, g, ^, A) = q{r, x, rg, ^, r™A) for some q G 5'7/''"(l+ x x m1+"; A). 

The so-called Mellin quantization theorem, see e.g. Theorem 3.2], states that there 
is a Mellin symbol h{r, z. A) = h{r, z, r^A) with h G C°°(S+, M^™'"(A:; A)) such that 
0Pr.,x(9)(A) — opj^(/i)(A) G L^°"{X^; A). Let 0)2 ^ ^ a)o be cut-off functions, 

61(A) c^i(r[A]„) r"opM(M(A)cio(r[A]™) + (1 - Cji{r[XU)) 6o(A)(l - cD2(r[A]„)). 
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Then |l|. is satisfied because of (|3.6|), and because opj^j{h){X) — bo{X) e L^°°{X^; A). 
Further, ^. is a consequence of the holomorphy of h and the fact that ^(0, x, rg, ^, 0) 
is the symboi of a local parametrix of J2T=o^k{0){—rdr)^ . Finally, since &i(A) is a 
parameter-dependent parametrix of a^{X} in the interior, and because its operator 
norm in £(A^^'^~™, /C*+"''''') can be estimated by semi-norms of its local symbols, we 
get bi G S~/^'"^{A; /C""'*'"™, K."'^"^'^). Recall that Oa is itself an operator- valued symbol 
of order {m,m), and the local symbols of 61(A) can be expressed in terms of those of 
a^{X). Hence Oa^i - 1 E S'°/"(A; /C"'''"™, /C'''T-™) for every s £ R. Together with |l|. 
this implies ^. □ 



Proof of Lemma 3.11 . A necessary condition for a^ibi -I- ui) — 1 to be of Green 
type is that its conormal symbol vanishes. So, we need a1.j{a/\{bi +vi)){z) = 1 for z G 
rri+i_^. Because the relation (2.5) is also valid for cone pseudodifferential operators 

and because cr^/"(6i -I- Vi){z) — h{0, z, 0) -I- f{z), we want / to satisfy 

aZ{a^){z - m)al,ribi + viK^) = <jTj{A){z - m){h{0, z, 0) + /(z)) = 1. 

Observe that the ellipticity of A — A implies the invertibility of a^^\{A){z) on F n+i 
so that for z e ^ sd:i_-^^,n we may set 

fiz) aZ{A)-\z - - <,(A)(z - m)h{0, z, 0)). 

This function is clearly mcromorphic with poles contained in the boundary spectrum 
of A. Now, for |A| > 1 the operators of multiplication by ijJo(''[A]m) and uJi{r[X]m)r'^ 
are twisted homogeneous of degree (0, m) and {—m.m), respectively. Moreover, i'i(A) 
is smoothing for every A. Thus 

vi e 5;"/"''"(A; K'''^-'"'{X''), IC'-^iX'^Y) for aU s, s' , a G K. 

Finally, the family aA(A)(6i(A) -I- i'i(A)) — 1 is of Green type because it is a pointwise 
smoothing operator- valued symbol with a1j{a^{bi + wi) — 1) = 0. □ 



Proof of Lemma 3.12. Due to Lemma 3.11 there is gr G Rq'"(A, (7 — m, 7 — m))^,, 
such that aA(6i + vi) ~ I = gr- In a similar way, we get {bi + vi)a/^ — 1 ~ gi for some 
gi G Rq™(A, (7, 7))e, . Because a^{a^) = <J^{a) is invertible for A G A sufficiently 
large, we obtain there the elementary relation 

a^{a^)-^ = a-'^{b, + v,) - <J-^{{bi + vM + al{gi)aJ^{a^)-'a"M- 

Let X G C°°{A) be such that x = where cr™(aA) is not invertible, and x = 1 for A 
sufficiently large. Then xcr™(aA)"^ G C°°(A, /:(/C"-™'T-™, /C"''')) is twisted homoge- 
neous of degree {—m, m) and so in 5'^ ™''" ( A; /(;s-»ti,7-'ti^ K."''^), cf. Example C.6. Now, 
for go '■= gi X'^7\i'^^)~^9ri Proposition C.3 yields 

go G 5-/'''"(A;/C^'T-'"(X'^),/C"''T+='(X^)'^) and 

go G ^~'"'"(A;/C^'-^(X^),/C^''^^+™+"-(X^)'^) 

for all s, s', (T G M. Let e = min(£;, £,.)• The continuous embeddings 

IC'''^i+^'{X''y '-^ JC''^^+^'{X^Y and /C'''^"^+'"+^'-(A:'')'" /C^'.-''+™+'^(X'')'" 



together with Proposition |C.3| imply 50 G Rq ' ~ "^i7))e- Thus the proof is 

done by setting gi := -(5i -I- vi)gr + go- □ 
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Proof of Lemma 3.13. For any N £N we have 

a^bl ^ (1 - a^b^y = 1 - (1 - ar.bl)''. 



Lemma 3.12 implies (1 — a/yb'^^)^ E Rq^'™(A, (7 — to, 7 — to)) so that 

N-l N-l 

(3.7) fef ' := bl ^ (1 - a^b'iy = 5^ E (1 " «a6°J^' 

is a rough parametrix of with a better remainder than 6^. Moreover, we have 
6° (1 — a/\b^y £ Rq'"~-''™(A, (7 — TO, 7)) for every j E N. Therefore, there is a Green 
symbol g2 E Rq™"^'™(A, (7 - to, 7)) such that 52 ~ E^li ^a(1 " Oa^a)-'- Finally, 

(3.8) 6a(A) :=6°(A)+52(A) = 6i(A) + i;i(A)+5i(A)+g2(A) 

is a parameter-dependent parametrix of a^{X). □ 



Construction of a global parametrix. Let us write a(A) = A — A as in (3.4), let 
(5(A) E L^™''"(B; A) be a parametrix of P — A. With 6^ from Lemma 3.13 define 

(3.9) 5(A) - iui 6a(A) c^o + (1 - c^i) Q(A) (1 - ^2) 

for A e A and W2 ^ wi ■< ujq- This parameter-dependent pseudodifferential operator of 
order {—m,m) is a compound of 'local' parametrices. Next we want to show that 6(A) 
is in fact a global parametrix of a(A). To this end let lu and ^3 be cut-off functions 
such that loq ~< LU and UJ3 -< uj2- Then 

5(A)a(A) = [c^i 6a(A)wo + (1 - c^i) Q(A)(1 - c^a)] a{X) 

= uji 6a(A) luq a{X)LU + (1 - c^i) Q(A)(1 - UJ2) a(A)(l - lu^) 

+ b^{X) [luo a(A)(l - uj)] + (1 - c^i) Q(A) [(1 - lu^) a(A)c^3] 

= 6a(A)wo a(A)cj + (1 - c^i) (3(A)(1 - ^2) a(A)(l - CJ3) 

= uji 6a(A)c^o aA(A)cj + (1 - uji) Q(A)(1 - c^2)(P - A)(l - c^3) 

= c^i b^{X)a^{X)iu + (1 - c^i) Q(A)(P - A)(l - UJ3) 

- [uji 6a(A)(1 - ujo)]a^iX)Lj - [(1 - c^i) Q{X)uj2] [P - A)(l - loz). 

Here we have used the local property of a(A). Now, the terms inside the brackets in 
the last line are smoothing elements in their classes because supp(wi) H supp(l — ujq) 
and supp(l — uJi) n supp(Li;2) are both empty. Because of the inclusions 

R(3°°(A,(7,7)), c 5(A,£(/C"^^-",/C'''^'^-")) and i-°°(i;A) E S{K, L{H\ H''' )) 

for all s, s' E M, we can easily verify that 6a — 1 G 5(A, Cg(IIS, {1i1))e)- Similarly, we 
obtain a6 — 1 e 5(A, Cg(IB, (7 — "i, 7 — m))^) so Theorem |3.9| is proved. □ 

Remark 3.14. The given construction of 6a yields immediately 

6a E S-"''"'{A;IC'-"'-'''^"'(X''),K:''''{X'')) for all s E R. 

This implies that 6(A) from (U) belongs to S'7^'"+^^''"(A; ^^"'"■^-'"(1), ^"■''(B)) for 
some M depending on the norm estimates of (5(A), and depending on the constants 
of growth corresponding to ||k(A)||£(^s,^-) and ||'*~^(A)||^^^,,_„_^_,„-|, cf. Lemma |CJ] . 
The spaces on B are here equipped with the trivial group action k = id. 
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Remark 3.15. The definition of 61(A) in the proof of Lemma 3.10, by means of parameter- 
dependent cut-off functions, is just convenient for technical purposes. In that way it 
is easier to verify that 6a (A) is an operator- valued symbol. But in fact, there exists 
g e Rq"'"(A, (7 - m,7)) (cf. H Theorem 3.18]) such that 



(H') 6(A) = u;i(r™opM(/i)(A) + t;(A) + g{\))u;o + (1 - c^i) Q(A) (1 - LJ2) 



is also a global parametrix of ^ — A, where h is the symbol found in the proof of 
Lemma 3.10| , v{X) is like in Lemma 3.11 , and Q{X) is as in (3.9). 



3.3. Holomorphic weakly parametric symbols. Let il C M" be an open set and 
A be a sector in C. Let = {z G C | ?fiz = S}. 

Definition 3.16. For ^ e R define S^{fl X M" X C) as the class of holomorphic func- 
tions h e 0{C, Si^in X M")) such that h\r, £ S'^(r2 x R"; F5) for each S €R, uniformly 
for S in compact intervals. 

This is a Frechet space with the system of semi-norms given by 

(3.10) sup{ sup {^,g)-''+^"^+'\d^dplh{x,^,5 + tQ)\} 

sei (c,e)GR"+' 

for a, /? e n^, K ccn,le No and / CC R. 

Definition 3.17. For d e N define S^'^{n x M" x C; A) as the class of parameter- 
dependent symbols consisting of all h{x, ^, z, A) such that 

(i) z ^ h(-, ■, z, ■) e 0{C, S''''^in X M"; A)); 

(u) h{-,-,6 + ig, A) G S'^''*(ri x R"; F^ x A) for each 6 eR, uniformly for 5 in compact 
intervals, and with d= {l,d) (cf. Appendix^. 

Furthermore, a symbol h e S^'^lfl x R" x C; A) is said to depend holomorphically 
on A if the map 

X^h{-,-,-,\) : A^5^(f^ xR";r5) 

is holomorphic for every 5 S E. Observe that (ii) imphes h{-, •, •, A) G S'^{n x K";r5). 
Finally, if for every (5 S M the parameter-dependent symbols in (ii) are asked to be 
classical, then we will write h G SQ\,^{fl x R" x C; A). In the case when h is classical 
there is, for every 5 g M, an expansion 

hr^Y^ h^^j in S''-^{n x R"; Fa x A) 

such that for |^| + \g\ + |A|i/'' > 1, 

hfj^-j{x, T^, 6 + irg, t'^A) = t^^^ h^^j{x^ + ^) for every t > 1. 

When 5 is fixed we will identify F5 = M and then replace in the argument of the symbols 
5 + ighy g. 

Lemma 3.18. If h Q S'^''^^(ri x M" x C;A) depends holomorphically on A, then for 
any fixed (5 G R every homogeneous component h^^j G S'^^^''^{il x M";F5 x A) is 

o 

holomorphic on A n {|A| > 1}, as a function taking values in S'^^^ {fl x R"; F5). 
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Proof. For simplicity we omit the variable x and assume d = 1; the general case 
is completely analogous. We first show the holomorphy of the principal symbol 
making use of the relation 

(3.11) h^iC, Q, A) = lim T-^'h{Ti, tq, tA). 



If the convergence in (3.11) is compact, that is, uniformly on any compact subset of 

o 

A n {|A| > 1}, then is holomorphic there since so is h\ consequently, /i — ft,^ is also 
holomorphic and we can proceed as above to assert the same for Induction then 

yields the holomorphy of every h^^j. 

To prove the compact convergence of ( ^.11 ) in the topology of S''^(M"; Tg) let a e Nq 
and £ G No be given. For r > 1 and |A| > 1 we have 

Denoting r^_i := hf, - h £ S^f~^''^{W':Ts x A) then 

T-^ \dp'^r^^^{T^,Tg,TX)\ = r-^+l"l+^ |(a|'a^r^_i)(r^,re,TA)| 

< C^, r-^+l"l+^ (r^, rg, rA)^"!"!"^ (rf, rg, tA)"^ 

ti-\a\-i , ^\\fj.-\a\-e\ -1 



<C;,(e,^^)"-'"'-^(A) 



T 



because (t-^.tX) < 2t {rf) (A) and {Tri,TX) ^ <t ^ (77) ^ for |A| > 1. So, 

sup (e, \dp',{h,i^, g, A) - T-^h{ri, rg, rX)) \ < C (A)l'^-l"l-^l r~\ 

This implies that the convergence in ( [3.11 ) is compact for |A| > 1. □ 

Weakly parametric symbols. For our purposes we need an anisotropic version of 
a symbol class introduced by Grubb and Seeley in j2^. Let d denote the anisotropy. 

Definition 3.19. For d G N and e R define S'^''(rJ x M" x M;A) as the space of 
functions h G C°°{^ x K" x R x A) that are holomorphic in A for |A| > 1, and such 
that for every k, 

dtH-, ■, ■, id) e 5"'+'=(r2 X R" X M) for e A, uniformly for |w| < 1. 

Note that there are d convex subsets of {w G C | ^ G A and \w\ < 1} such that 
w 1-^ maps each one onto A fl {|A| > 1}. We fix one of these subsets and denote it 
by D{A). The requirement for h means that for every fc G No, 

(3.12) 7T^Ah):= sup {^,g)-''-''+^''^^'\df^dpldthix,^,g,^)\ 

(?,e)6R"+i 

must be uniformly bounded in D{A) for every a, /3 G Nq , K CC ft and £ G Nq. 

Theorem 3.20. Let h G Syf{n x R" x R; A), d G N and u eR. For any N e N there 
are symbols hk G S''^^{VL x R" x R) such that 

(3.13) X^/'^\^h{x,£„g,X) - ^ X-^/''hk{x,£„ g)^ G S'w^'''(f^ x R" x M;A). 

A;=0 
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Proof. The variable x will be omitted again since it does not play any role along the 
proof. Let us set 

For every k gNq the mapping w ^ f : D{h) — ^ 51^+^+1 jg bounded by definition, 
thus w ^ 9^/ : D(A) — > 5'''+*=+i is uniformly continuous (fundamental theorem of 
calculus) implying that lim^j^o 9^/(m^) exists in S"^+'''+^(M" x R); note that 

G dD{A). In particular, for every g) G R" x R and a G Nq^^ we have the pointwise 
convergence d^gd^f{^, g,w) d^ghk{£,, g) a,s w 0, and so 

(C, dl^dtfi^, g, w) ^ (C, dlM^, g) as 0. 

Therefore, hk G S"'+'=(R" x R) since w f-^ 9^/ is bounded in 5''+'=(R" x R). Now, for 
every G N a Taylor expansion yields 

Af-l 



{fi^,Q,w)-J2w''hk{^,g)} = ^j^ I {l-tf-\d^m,g,tw)dt. 

k=0 •'^ 



The left side, written in terms of A = is exactly the expression in (3.13). Denoting 
the integral above by r'Ar(^, g, -^) we have for every fc. 



dirn{^,g,^)^ / {l-tf-h\d^+''m,g,tw)dt. 



We want to show that dirni-,-,:^) ^ S^+^+^^W^ x R) uniformly for w G D(A), but 
this follows from the estimates 

sup 7r„,fc(rAr) < / {l-t)^^^t^ sup Trtio,N+kih)dt 

luGD(A) Jo weD{A) 



"'0 



< / (l-t)^-H* sup Trt^,N+k{h)dt 
tji>eD(A) 

taking into account that h G and so, in particular, the supremum in the latter 
integral is uniformly bounded. □ 

The expansion (3.13) is the main motivation for the consideration of the class 5'^''. 
As it was done in ]22|, this kind of expansions can be used to obtain a complete as- 
ymptotic expansion of the resolvent of certain pseudodifferential operators on smooth 
compact manifolds (cf. 0|). In particular, Dirac-type operators with nonlocal bound- 
ary conditions in the spirit of Atiyah, Patodi and Singer |^ are considered in p^ . 
Further related results can be found in |^ , and . 

Lemma 3.21. Let i/ < and (5 G R. Let h e S^'^iQ x R"; x A) be homogeneous of 
degree {v,d) for \^\ + \g\ + \\\^/'^ > 1, and such that it depends holomorphically on A 
for |A| > 1. Then h G S!^'{n x R" x R; A), identifying Ts = R. 

Proof. Without loss of generality we omit the variable x. It is true that 

hi^, g, ^) = \wrhi\w\t \w\g, \wf^) for w G i?(A). 

Let w = re'^ & D{A), i.e., r < 1 and e"'"'^ G A. Hence 

0,7^)^ r-'^h{ri, rg, e'^''') =: fit g, r) 
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leading to the relation (because h is holomorphic in w) 

dtK^, g, ^) = [d'-m, g, r)e-^'=^ for every k e N. 

To prove the assertion we need sup^.g^^y^^-j 7r^^,jt(^) < oo for every semi-norm as in 
(3.12). Now, setting Aq = e~^'^^ we have 

{d^fmg,r)^d^{r"'h{rtrg,Xo)) = ^ C,,, r-^-^' dMr^,rg, Xo) 

j+j'=k 

= E Cn'r-""-'' E Cpu'eQ''\dld^;h){r£,,rg,\,). 

j+j' = k \P\ + k'=j 
j'<-u 

Because g^' \ < {£,, gY , and since his a symbol of order v — j, then for a e Nq 

and £ €N the derivatives d^dgd^h{£^, g, can be estimated by terms of the form 

E ^n'r-"-'' E E C^A^^qY'^"'^''' H^rgy-'-^'^-^^-'^ r\-^\+'^ 

j+j'=k ai+a2=a £1+^2=^ 

i/+/<0 



< 



E c-.y E E 



|a2|— 



i'+i'<o 



Using now the inequality (r^, rgi) < for r < 1 and s > 0, we get 

\d^didth{^,g,^)\<C{^,gr+'-^"^-' 

with a constant C depending uniformly on 9 = avgw and being independent of the 
variable r. Hence sup^^D(^j^^TTuj,k{,h) is finite. □ 



Lemma 3.22. Let i/ < and h E ^^'^^(fJ x R" x C; A). If h depends holomorphically 
on X, its restriction from C to any Ts induces a symbol in S^fi^ x M" x R; A). 



Proof. As it was done before we ignore for a moment the variable x. For any d G 



the symbol h S S'^'''^£(R" x C; A) admits an asymptotic expansion 



AT-l 

rj^ = h-J2 h^~3 ^ '5^T^'''(1K"; X A) for any TV e N 

with symbols h^^j £ S"^^'"^ that are homogeneous for |^| + \g\ + |A|^/'' > 1, and are 
holomorphic in A for |A| > 1 due to Lemma ^.18 In order to prove the claim we 



have to investigate sup^, TTw,k{h) for any semi-norm in S!^{M.'"- x R; A). To this end let 
6 No be given. For any homogeneous component each semi-norm is bounded due 



to Lemma 3.21, so we only need to show sup^ 7ru,_/j(r7v) < oo for some N. In fact, 
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choosing N > v + k we achieve 

k 

fe'=i 

^ C* gY^^ with C > independent of w. 

In the last estimate one uses the relations \w\^^ ^) < for s > 0, |w| < 1, 
and (e, ^)''"'^+' < (C, ^^)'^+' for TV > + fc. □ 

Theorem 3.23. For v < Q and ^ € No e?;ert/ symbol h e S'^~^^''^{n x R" x C;A) 
depending holomorphically on A admits, for any TV G N, the expansion 

(3.14) X^''+^'>/''[h{x,tS + ig,X)-Y, X^-'''^'>^'hk{x,tS + ig)} es;+'''^ 

k=0 



with hk e S^+''{n X K" X C) given by 

(3.15) ht{x,tz) = ^ ]imdt(w-^h{x,tz,^)), w & D{A). 

Proof. Due to the inclusion ^'^^^S'^'^^^''^ C S'^'^^g it is enough to prove the statement 
for fi — 0. For simplicity, let us drop the variable x. Lemma 3.22 assures the existence 
of an expansion ( 3. IS ) of h\zers fo r eve ry ^ S M. As proven in Theorem [3.20 the 
coefficients hk are indeed given by ( |3.15 ) on every line Ts- It only remains to prove 
that hk e S'^+''(K" X C). In other words, we have to verify: 

(i) hk G S''^+'^(M" X Ts) uniformly for 5 in compact intervals, 

(ii) z ^ hki-, z) e Ci(C, S^+'^iR")). 

To this end let / CC K. be a compact interval. Since every semi-norm 7Tiij k{h\rs) is 
uniformly bounded for w € £'(A) and S € I then (i) follows by a pointwise consideration 
as in the proof of Theorem 3.20| . Furthermore, the convergence in ( 3.15| ), taking place 
in is uniform for & £ I hence compact in C. Thus hk is holomorphic with 

values in S'^^'^'^'^iW^). By using now (i) and the fundamental theorem of calculus we 
obtain for neighboring z and z the estimates 



\d^{hk{^,z)-hk{^,z))\<\z-z\ f \d^d,hk{tS + t{z-~z))\ 

JQ 



dt 



with Qz < gt < Qz = g. That is, the mapping z ^ hk{-,z) : C -> S"'+'=(IR") 
is continuous which implies, in particular, that the Cauchy integral J^^ f^kj.^X) 
exists in 5'''+'^(K") for every disk B. Hence (ii) holds and the proof is done. □ 

Remark 3.24. This theorem will be applied to the homogeneous components of the 
pseudodifferential Mellin symbols appearing in the parametrix construction of A — A, 
cf. Lemma \i.lO . These homogeneous symbols clearly depend holomorphically on A. 
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4. Heat trace asymptotics 
Along this section A will always denote an elliptic cone differential operator of order 



TO > on the manifold B, cf. Section 2.1 



4.1. The operator e *^ in the cone algebra. Fix S > and < (p < ^. We 

consider the contour T = Ti U T2 U T3 in C, where 

A = re^'f (+00 >r>S) on Ti, 
A = Se''^ {(p < < 2Tr ~ if) on T2, 
A = re"*"^ {6<r< +00) on T3. 

Let A be the sector {X e C \ < argA < 2tt - ip} and let A^ = A n {|A| > S}. 
We assume that A — A is invertible on an open neighborhood U{Ks) of A5. Using the 
identity (A — A)~^ (l — (A — Ao)(A — Ao)~^) = {A — Xq)~^ and the embedding properties 
of our weighted Sobolev spaces, it can be easily proven (via Neumann series) that the 
map \^ {A~ A)^i : U{Ks) /:(H"-™'''-™(B), 7i:"'^(B)) is holomorphic. 

For t > we now define, as usual, 

(4.1) e-'^^^ I e~'\A-\)-^d\. 

This integral converges absolutely in £(W~™''''^™(B), 7i''''''(B)) for any real s, and it 
does not depend on T provided that T is a path in As such that SftA — > cx) as |A| ~^ 00. 
In particular, for < i < 1 the path t~^T stays inside As and we can write 



(O) e-'^ = I e-*^(A - \)-^d\ 



27r 



/t-iT 

This representation will be more convenient for some computations later on. 

Theorem 4.1. Let A — \ be parameter- elliptic with respect to 7. Then, for every t > 
the operator e^*'^ belongs to Cg(B, (7 — m,7)). 

Proof. Let t > be fixed. We need to show certain mapping properties according to 



Definition B.2. First of all, observe that (integration by parts) 



(P") e-*^ = t-'+' / e-'\A - Xr'dX 



T 

for every £ G N. Thus e"*'^ and its formal adjoint (e"*'^)* are for every s, s' £ M 
bounded operators in C{W^'^-"' and C{W^-^ ^~^+'^), respectively. Hence 
they are smoothing operators in the interior, but in order to be in Cg(B, (7 — to, 7)) 
these operators have to improve the weights by some e > 0. We prove this by making 
use of the parametrix 6(A) of A — A given in ( |3.9f ). Then 6(A)^ is a parametrix of 
{A-Xy and {A-X)-^ -b[XY belongs to 5(A5, Cg(B, (7-to,7))). Moreover, for ^ > 1 
we can write 

(4.2) b{\f = uji (r™^opj,,,(/i,)(A) + ge{X)) ujo + {1 - coi) Qi{X) (1 - UJ2) + G,(A), 

where G C'°°(R+, Mo'"''™(A; A), 5, e Rg"'''"(A, (7 - m,7)), Q, G L;™^^'"(B; A), 
and Gi G 5(A, Cg(B, (7 — to, 7)). Notice that all the contributions involving the 
smoothing Mellin element v{X) from (^^') are now contained in ^^(A) or in Gi{X) since 
they are either supported in the interior of B or multiplied by a Green element or 
multiplied by a factor r™^ which improves the weight whenever £ > 1. Clearly, the 
nonsmoothing parts of 5(A)^ improve the weight 7 at least by m{£ — l) while the families 
^^(A) and Ge{X) has the same gain e > as the smoothing part of 6(A). □ 
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4.2. Approximation of the resolvent. Following Seeley's ideas we want to 
approximate the resolvent {A — A)~^ by means of a suitable parameter-dependent 
parametrix of A — A. More generally, we will approximate (A — A)~^ for any i G N. 
Our aim is to extract a finite part of the parametrix having homogeneous components 
and such that the remainder decreases fast enough in A. To this end, we make use of 
the operator-valued symbolic calculus. For simplicity, we will mostly work with the 
case £ = 1 omitting it from the notation; corresponding comments about the general 
case will be given when necessary. 

As given in (|3.9[) consider the parametrix 



6(A) = uji{r"'op,,{h){X) + v{X) + g{X))ujo + (1 - coi)Q(A)(l - ^2) 
of A - A, where h{r,z,X) = h{r,z,r"'X) with h e C°°(l+, M(J,'"^"'(X; A)), v{X) is a 



o 

family of smoothing operators as in Lemma 3.11 , and g G Rq'"'™(A, (7 — to, 7)). Recall 



that Q(A) is defined as an asymptotic summation Q(A) ~ J2j QjW^ where each Qj{X) 
is a parameter-dependent pseudodiffercntial operator of order —m — j with anisotropic 
homogeneous local symbols. Moreover, since v + g is a classical operator- valued symbol 
of order {—m,m), it admits an expansion of the form 

JV-l 

(4.3) v{X)+giX)=Y.9,W+9[N]{X) 

j=o 

such that every gj is twisted homogeneous of degree (—to — j, to), and 

g[N] e 5-™-^'™(A;/C''^'^-™(X^),/C'^''^(X^)) for every s,s' G M. 
Thus the parametrix 6(A) can be expanded as 
6(A) =6W(A)+r-Ar(A) 

(4 4) 

c^i 6f )(A) Luo + il- c.i)Q(~)(A)(l - lu^) + r^iX), 
where t'7v(A) is a remainder of order —m — N, and 

Af-l Af-l 

6(^)(A) = r^op,Ah){X) + E ^^^^ QW(A) = ^ Q,(A). 

j=0 j=0 

Now, by means of the Taylor expansion 



7V-1 

h{r,z,X) = V -idfh)iO,z,Xy +r^h[N]ir,z,X) 



1 



with fe[jv](r,^,A)= 1)1 {l-0)''-Hdrh){Or,z,X)de. 

Set hj{r,z,X) :— {d-l.h){0, z,r"^X) for j < iV, h[]:^]{r, z, X) := h^j^^{r, z,r™X), and define 
(4.5) 6^,,(A) r'"+^op,,(/i,)(A) + g,{X). (cf. (gJ)) 



Then every 6^,^ is twisted homogeneous of degree (— m — j, to), and we have 



JV-l 

(4.6) 6f )(A) = 6a,,(A) +r"+^op^,(/.[^])(A). 
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Similarly, for £ e N, 6(A)^ admits an expansion of the form 

(4.7) b{\Y = bi''\x)+re,N{X) 

which can be used in order to approximate {A — A) . 
Theorem 4.2. Given fc e No there exist N{k) G N and Ck > such that 
(A-A)-^-6f)(A) < + |A|)-('=+^) 

for every N > N{k) and A £ A^. 

Proof. First of all, we have 

{A X)-' ^rV) = {(A - A)-^ - h{Xf] + {h{XY - 6r(A)} 
= {{A-X)-' ^h{XY]+r,,N{X). 

Since [A — X)^^ — h{XY belongs to 5(A5,Cg(B, (7 — to,7))), it is for every integer k 
an element of /:(H"*-'^"™(B), ^''''^(B)), and its norm is 0(| A|p) for every p G Z. Thus 
it remains to verify the norm estimate for r^,7v(A). For simplicity of notation we will 
check it explicitly only for 1=1. In this case, rAf(A) is just 

h - foW = LOi{b^ - 6f Vo + (1 - ^i)(Q - Q^"^) (1 - ^2), 

where 6a (A) = r'"opj,/(/i)(A) + v{X) + g{X). From the standard parameter-dependent 
calculus (cf. Section 9]) we get the norm estimate 



(4.8) 
for N > 

so that 
(4.9) 



(1-c.i)(Q(A)-QW(A))(1-c.2) 



< [XI 



-m-N+2k 



- fcf Vo e ^;r"'^''"(A;/C-'='^-"(x^),/c'=^^(x^)) 



2k. On the other hand, 

~i — m — N.i 



^i(&a(A) 



l(N) 



(A))^o 



with M{k) = Afi + M2, where Mi and M2 are the constants of growth corresponding 
to ||K(A)||£^^fc.^jand ||'^~^(A)||^^^_fc,^_„^, respectively (cf. Lemma CA_). By means of 
the estimates (j^^ and ( [f.9[) together with Lemma 2.10| we get 



&(A) -6W(A) 



< Ck [A]„('-+i)™ < Ck{l + |A|)-(''^+i' 



for -m - TV + max(2fc, M(fc)) < -(fc + l)m. Set N{k) = fcm + max(2fc, Af(fc)). 

For an arbitrary ^ G N the proof is quite the same once b{XY is split as 6(A) in (4.4). 
This can be done by expanding ^^(A) and Qe{X) in (4.2) inside their corresponding 
pseudodifferential calculi. Notice that Gi{X) in ([1.2|) is rapidly decreasing. □ 



The finite parametrix bg^\x) from (4.7) can also be used to approximate the oper- 
ator e~'"^ for small t. For £,N eN and < t < 1 we define 



(4.10) 



(TV) 



it) 



e-'H^^^X) dX, 



cf. (4.1') and (4.1''). As a consequence of Theorem 4.2 we get the following 
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Corollary 4.3. Given fc G N there exist N{k) £ N and Ck/ > such that 



-tA 



CiH- 



,-H''.T(B)) 



for every N > N{k) and < t < 1. 



Proof. We combine (4.1 ) and (4.1'') to write 



-tA 



t-iT 



{A - \)-^d\. 



Let A; G N. In C{n 



— k,'y—7n 



(B)7i:'=^'^(B)) we get 



e-*^-i?f)(t) 



< 



2tt 



IV. 



<(J^Ckt-' 



iA-^r ~b[''\^) \dx\ 
-^^i+i-i|Ar('=+^)|dA| 



< 



after making the change of variables A — > f A, and applying Theorem 4.2 



T 

-1 ' 



□ 



4.3. Asymptotic expansion of the heat trace. As proved in Theorem 4.1 the 
operator e~*"* belongs to Cg(IB, (7 — m, 7)) for t > 0, so it is an operator of trace class 
with kernel in ?^°°'(-'^+'"+=)"(B)®^H°°'(T+^^~(B) for some e > 0, cf. Appendix |[ The 
kernel K{t, y, y') of e"*"* is commonly called the heat kernel. We further call the trace 



of: 



-tA 



the heat trace for A. In this section we will obtain an asymptotic expansion, 



as t ^ 0+, of the heat trace for a cone differential operator A such that v4 — A is 
parameter-elliptic on the sector A defined in Section 4.1. The complete expansion will 



be given in Theorem 4.9 



In order to expand the heat trace we will use the approximation E^^'' (t) from ( 4.10| ). 
Imitating the steps around (4^)-(4^) for b{XY we get in (4.7) 



(4.11) 



6W(A) = J2 ['^i ^A,£j(A)coo + (1 - ^i)Q,,,(A)(l - C02)] 

+ ^ir™^+^opM(/^£jjv])(A)a;o, 

where every Qij is a parameter-dependent operator of order ^m£ ~ j with anisotropic 
homogeneous local symbols, &a/j = ^™'^~^''opM{^t.j) ~^ 9e,j twisted homogeneous of 
degree {—mi — j, m), and /i^ jatj is essentially the remainder of the Taylor expansion of 
the parameter-dependent Mellin symbol he from ( [4.2[ ). 
Using now ( 4.11 ), the integral ( 4.1C ) becomes 

JV-l 



Er\t)^ I]^^o(0+^Jv(i) 



with 



27T 



EiAt) 
(4.12) RNit) 



e-*-^ [loi b^^i^j{X)LUo + (1 - LUi)Qe,j{X)il - ^2)] ^A, 



i{e-iy. ^-e+i 

27T 



t-iT 



0PM('»A[Af])(A) i^n dX. 
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Every component supported in the interior of B 



can be treated on the closed manifold B as in . The components near the boundary 

and RN{t) require, however, more sophisticated calculations. More precisely, in order 
to expand in t these boundary components, we will use the twisted homogeneity of 
every b/\jj, and the results from Section 3.3, Notice that every 6a, is a sum of 
a parameter-dependent Mellin operator and an operator-valued Green symbol. While 
Mellin operators can be described through its local symbols, the operator-valued Green 
symbols are of global nature. For this reason, we will discuss these cases independently. 

If a(A) is an operator family on = M_|_ xX with Schwartz kernels ka{X, r, x, r' ,x'), 
then for < < < 1 and x <E X we define formally 

s[a]{t,x) ■.= t-'^+^ [ I er*^uJi{r)ka{X,r,x,r,x)dXdr 
Jq Jt-^r 

with dX 27 d.X. Without loss of generality we may assume = 1 for r < 1, and 



(5 = 1 in the definition of T, cf. Section 4.1 



Expansion of the Green elements 

Lemma 4.4. Let g G Rq'"^~"''™(A, (7 — to, 7)) be a twisted homogeneous Green symbol 
of degree {—m£—j, to), and let kg be its integral kernel. Then for every x £ X , < < < 1 
and N with N > j , we have 

s[g]{t,x) = t^'-^ If f e^^kg{X,r,x,r,x)dXdr\ +0(t^/"). 



"'T 



Proof. Let < i < 1. Split the integral = /J -1- /^v™ in s[g], and denote the 
components by s'[g] and s"[g], respectively. Because wi(r) = 1 on [0, i^^™] we have 

s'[g]{t,x) ^t-'^+^ [ [ e~*^^kg{X,r,x,r,x)dXdr. 



t-iT 



With the change X t ^X and Lemma C.4 we get 

/ e~*^^kg{X,r,x,r,x)dX = t^^ / e^^kg{t^^ X,r, x,r, x)dX 

Jt-iT Jt 

= ^-1+^+0-1)/™ f e-^kgiX,t-^/"W,x,t-^^"'r,x)dX. 
Jt 

Therefore, the change of variables r — > t^/^r yields 

s'[g]{t,x) = iW-i)/™ f f e-^kg{X,t-^/"\,x,t-^^"'r,x)dXdr 
Jq Jt 

With the same calculations we also get 

s"[g]{t,x) =t^^"' ( ( e-^LUi{t^/"'r)kg{X,r,x,r,x)dXdr. 
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A Taylor expansion at r = yields wi(r) = 1 + ?' oji^Af (r) with 



\Af-l, (M) 



ujr'{dr)de and ^ d'^' uj^. 



(M- 

In particular, for M ~ N — j we get 



(4.13) 



e ^kg{X,r,x,r,x)dXdr 



e-^tJi,Ar_j(ti/™r) r^^^kg{X, r, x, r, x)dXdr. 



Since wi,Af(i '"V) is for any M uniformly bounded, and because kg decays rapidly as 
r oo, the last integral is uniformly bounded as desired. □ 

Expansion of parameter-dependent Mellin operators 



First of all, we fix I large enough such that every Eij{t) and i?Ar(t) from ( 4.12 ) have 
continuous Schwartz kernels. For simplicity we will often drop i from the notation. 
Let h e M(^"'^''"(X; A) and set h{r, z, A) = h{z, r"A). Fix j e No and define 

a{X) :=r'"^+■'op,,(/^)(A) 

which is twisted homogeneous of degree {—ml — j', m). Observe that the Mellin com- 
ponent of 6a,^,j in (4-11) is of this form. Let ka{X^r^x^r' ,x') denote the continuous 
Schwartz kernel of a(A), taken with respect to the measure dr'dx' . As in Lemma 4.4 
we coveniently split the function s[a](t, x) in two components s'[a](t, x) and s"[a](t, a;), 
and treat them separately. 

Lemma 4.5. For < i < 1 and x ^ X we have 

r-l r 

-A 



s'[a](i,x) =tJ> 



e /c£i(A, r, x, r, x)(fA(ir > . 



JT 



Proof. Noting that A:a(A, r, x, r, a;) satisfies the relation (5.5) from Lemma C.4 with 
d = m and fi ~ —nit — j (a(A) is twisted homogeneous), the assertion follows making 
the same calculations as in the proof of Lemma 4.4. □ 



The second component of s[a] is more delicate and cannot be treated as in Lemma 4.4 
since the kernels fca(A, r, a;, r, a;) increase as r — > oo, so the integrals without a cut-off 
function do not exist. However, we can get an expansion in t of s"[a]{t, x) by means of 
the results from Section 3.3 (cf. Theorem 3.23). Recall that 



s"[a]{t,x) = r 



e ^''^ LUi{r)ka{X,r,x,r,x)dXdr. 



Since r > i^/™ and |A| > t^^ , we may assume r™|A| > 1. 

Lemma 4.6. For every x^X,0<t<l and iV e N with N > j, we get 

N+n N~-l 

s"[a]{t,x) ^ Cfe(a;)t('=-"-i)/" + ^ 4(a;) t'=/"' logi + 0(t^/™), 

fc=0 fe=0 

where n — dim A. The coefficients Ck and cj, depending also on I and j. 
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Proof. The proof of this lemma is rather long. For this reason, we wish to outline our 
strategy in order to make the structure of the proof clearer. First of all, let > j be 
given, and recall that £ and j are fixed. Let us simplify the notation by writing 

S{t,x) = s"[a]{t,x) and K{X,r,x) ^ r'"''^-^ kaiX,r,x,r,x). 

In local coordinates the function K{X, r, x) is given by 

-ft'(A, r, x) = r^^ / p{r,x,ri, X)dTj 



where 77 = {^,z) G M" x F/j = K"+-'^, drj = (j^J^iTT'^'?, Pif^x^rj, X) — p{x,ri,r^X), and 

p G S^^^l'^ip. X R" X C; A) is a local symbol of h{z, A). Thus there are symbols pfc, 
anisotropic homogeneous in (77, A) of degree {—mi — k,m) for \ri\ > 1, such that for 
every J e N, 

j-i 

p = J2Pk+9J with gj e S^"''^'-^-"\n X M" X C; A). 

fe=0 

This expansion induces a decomposition of K{X, r, x), say if = Kpg + ifp^ + • • • + Kgj, 
and a decomposition of S{t, x), say S* = Spg + • • • + Spj_^ + Sgj. Our purpose is to 
expand in t all these components. 

Step 1: [Expansion of Sgj). First of all, let gj{r,x,ri^X) = gj{x,r],r"^ X). Following 
the proof of Lemma 4.4 we can write, exactly as in (4.13), 

Sgj{t, x) = t^/"' 1^ J e-^kj{X, r, x, r, x)dXdr 

+ t^/"^ J e-^LJi^N-jit^^"'r)r^~^kj{X,r,x,r,x)dXdr, 

where kj = r"^^~^^ Kgj{X, r, x). For J > N the kernel kj decays fast enough as r ^ 00 
so that the integrals exist, and the last one is uniformly bounded. Thus 

(4.14) Sg, (i, x) = c(.T)i^/" + 0(i^/™) 

with c{x) depending on i, j, J. 

Step 2: {Splitting of Sp^). For fc < J let us split (recaU that r™|A| > 1) 



(4.15) I Pkdri= pkdri+ pkdri+ Pk^il- 

/|i7|>r|A|i/™ "'|i)|<l Jr|A|i/™>|,,|>l 



This equality split likewise Sp^ — Sk.i + Sk.2 + <5'fc.3 with 
(4.16) Sk,s^t-'+^r [ e-*V(r)r"^+-'-' f / Pfe(r,x,77,r"A)(f7/ 

Jti/™Jt-iT \JVs 

for S G {1,2,3}, where Vs denotes the corresponding domain of integration. 
Step 3: {Expansion of Sk.i)- The change of variables rj ^ r |A|i/™77 yields 

Pfe(x,r7,r"A)(f77= / {r\X\^/^T^^pk{x,r\X\'/"'rj,r''^\X\^Ad7^ 

|j7|>r|A|i/". "'|»?|>1 

= (^|A|l/™)-™^-/c+n+l f A 

Av\>i 
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due to the homogeneity of p^. If we denote Cfc(a;, A/|A|) ==/, i^j^ pfc(a;, 77, A/|A|)(fr/, and 
set nik —m£ — k + n + 1, then for /9 = 1 the integral ( [4.161 ) becomes 



^fc,i = t~'+' r I e-*V(r)r™^+^'-i ((r|A|i/™)"'=5fe(x, A/|A|)) 



dXdr 



(4.17) =i(fe-"-i)/™/ e-^oJi{ry-''+"\Xr>'^"'£k{x,X/\X\)dXdr 

Jti/"«JT 

= uji{ry-i^+^dr (^J e-^|A|"'=/™4(a;, A/|A|)(fA^ . 

FinaUy, Lemma 4.7 leads to the expansion 

(4.18) Sk,i{t, x) = c(2;)t('=-"-i)/™ + c(a;)tJ'/'" + c'(a;)<J'/™ logt 
with coefficients depending on £,j, k. In particular, c' = for A; 7^ j + n + 1. 

Siep {Expansion of Sk,2)- Since e_S^™^^'''™(ri x K" x C; A) depends holo- 
morphically on A, we can apply Theorem 3.23 with d = m, v ^ — fc and /i — mi in 
order to expand pk as 

Af-l 

Pfc(a;,r;,A) - J] A-^-"/™qto(a;, 77) + A-^-^'^/^pfe.A^a;, r;, A) 

(1=0 

for any M G N, with gfe„ G So'^+'^l^^ x R" x C) and PkM{-, •, A) £ S'o'^+*'^(17 x R" x C) 
uniformly for A G A with |A| > 1. For r™|A| > 1, the degenerate symbol pk{r, x, t], A) = 
Pk{x,ri,r"^X) can then be written as 

Af-l 

Pk - {r"'X)-'"''^qkc.{x,ii) + (r™A)-^-*^/™pfe,M(x,r7,r™A), 

and so 

Af-l 



(4.19) 



/ Pfc^fr; = V (r"A)-^-"/™ / (Zfc„(a;,r;)^77 

+ (r™A)-^-*^/™ / pfe.Af(x,77,r"A)(f77. 
JV2 



Set Cfe^M(a^, '"'"A) = Jy^pk^M{x,ri,r"^X)dri which is finite as V2 = {\ri\ < 1} is compact. 
Now, since J^e-^X-'^-"/"'dX = 0, we get 

5-;, 2 = t*^/'" / e-^Lo,iry-^^-'X-^-^^/"'£k nix, r"'r^X)dXdr 

(4.20) ' 

= t^/™y y e-V(t'/™r)rJ-^^-iA-^-^^/™Cfe,Af(a;,r"A)frAdr 

due to the change of variables A t^^X and r t^^^^r. Similarly as in the proof of 
Lemma iA we expand i^i{r) = 1 + r^'^^^^^uj-^ Aii^)- Thus 

Sk,2 = t^^-^ J^e-\'-^'-'X~'-^'/'^Ck,Mix,r"'X)dXdr 

+ t(A-^-i)/™ f /" e-^uj, j^j(f^"'r)X-'^-^'/"'dkM{x,r"'X)dXdr 
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Since uj^ jv7(^^^™^) ^^"^ Ck^M{x,r"^ X) are uniformly bounded for < t < 1, ?' > 1 and 
r™|A| > 1, then the integral at ^(A^-i)/™ exists (presence of r^^) and is also uniformly 
bounded. Choosing M > N + 1 wc finally get 

(4.21) SkAt^^) = c(a;)i^"/™ + 0(t^/™) 

with c{x) depending on £, j, k. 

Step 5: {Expansion of Sk.s)- According to ( 4.19| ) let 



3 



/m = (r-"A)-^-^'^/" / Pfc,M(x,r7,r"A)(f7?, 

SO that 

^oo p /M-l \ 



Recall that in ( 4.19 ) each qka {x, if) = ^ lim^^o c^S {w "^'pk {x, rj, is homogeneous 
in rj of degree —k + a and consequently pk,M is anisotropic homogeneous of degree 
(-fc + M,to) for > 1. Then 

/ p,..M(a:,r,,r"A)cfr7= / j^j-'^+A^p, ,4^, ^, ^™^)^^. 

Taking now M such that —k + M > — (n + 1) the latter integral can be split in two 
integrals /r|;j|i/m>|^| ~i|r,|<i- We denote the second integral again by Ck,M{x,r"^ X), 
and make the change of variables rj r|A|^/™77 in the first one. Thus 

Pk,Mdv = (,|A| V™)-fe+M+n+i f ,,(^, ^ pq^)^^ 

r|A|i/™>|,,| "'|»?|<1 

= (r|A|i/™)-'=+*^+"+i4.,M(2:,A/|A|). 
Now, with the usual change of variables of A and r, 

poo p 

(4.22) t-^+M / e-*^iUi{r)r"''^+^~^iM{r,x,X)dXdr 

-t^/"^ / e~V(i'/'"r)r^-*^-iA-^-^^/"4,M(a;,r"A)(fAdr 

with m/j = — m^— fc + n + 1 and c^^./ = (A/|A|)^^^^'^/™Cfe^M(2;, A/|A|). These integrals 
are of the same type as (4.17) and ( 4.20| ), so ( [4.22| ) is of the form 



(4.23) c(x)i('=-"-i)/'" + cix)t^^"' + c\x)t^/"' logi + 0(i^/™) 

with coefficients depending on ^, J, k. In particular, c' = for k ^ j + n + 1. 
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In order to complete the expansion of Sk.s we next treat those terms involving /q,. 
By means of polar coordinates and the homogeneity in rj of qka-, 



qka{x, rj)dri = dka{x) 



V3 



— /c+Q+n 



dg 



dkaix) 



((r|A|i/")"'+"+"+' - 1) for a ^ fc - n - 1 
log(r|A|i/™) 



for a — k — n — 1 



which we denote by Cka{x,r\X\^/"^). Then, for a < M, the corresponding component 
of S'fe,3 becomes 



-e+i 



-t\ 



ti/™Jt-iT 



(4.24) 



cji(r)r"^+^-i/„(r,x,A)ffAdr 
e/"' f I e-^u;i(r)r^-"-iA-^~"/"cfea(a;,r|t-iA|i/™)(fAdr. 



If a 7^ fc — n — 1, then (4.24) equals 

since /.ye-^A-^-"/™(fA = for every a. Making use of Lemma [4.7| this expression can 
be written as a linear combination of ^i/™ and p/"^\ogt. Mor eover, the 

term p/"^ logt disappears when k ^ j + n + 1. lia = k — n~\, then ( 4.24 ) becomes 

t(k-n-i)/m uj^l^ry-f^+^^dr (^dkjx) J e-^A-^-"/'"log|A|i/™(fA^ 

since the integral J^^uji{r)r^~''+" log(i~^/™r)dr is finite and Jj-e^^X^^^^/^^dX = 0. 
Applying Lemma |4.7| once more we finally obtain 

(4.25) S'fe,3(t, x) = c(a;)t('^-"-i)/™ + c{x)p/"' + c'ix)P^"' logi + 0(<^/™), 

with coefficients depending on £,j, k. In particular, c' = for A: / j + n + 1. 

Summary: By virtue of the relation 

,7-1 

s" [a] {t, x)^Yl {SkAt, + Sk.2 {t, x) + Sk,3{t, ^)) + Sgj {t, x), 



k=0 



the assertion follows summing up (4.18|), (4.21), (4.25) and (4.14). 



□ 



Lemma 4.7. Let < r < 1 and let u be a cut- off function with coir) = 1 for r < 1. 
For every j , G M there is a constant Cj^u > such that 



uj{ry-^-^dr = Cj-^r"^ + 
Proof. Since Ld{r) = 1 on [0, 1), 



— T-* logr for V — j 



(^{ry-^-^dr = t'' [j uj{ry-'~^dr + J r^-'-^drj 



' Lo{ry-''-'dr + \^^-r 

I —T^ logr for V ^ i 



28 



JUAN B. GIL 



□ 

In order to analyze the contribution of i?Ar(i) from (4.12), observe that the Mellin 
operator involved in its definition can be written as aAr(A) = r'"^+^opjy,j(ft,Ar)(A) with 

hNir, z, A) = (1 - 9f-'h{er, z, r"'X)de, 

where h G C°°(R+, Af^" '"(X; A)). As seen in the previous calculations, there is no 
loss of generality if we drop the variable x € X. Let kai^{X,r,r') be the continuous 
Schwartz kernel of cat (A) and let 

Jo Jt-^T 

Split s[ ajv]( t) — s'[aN]{t) + s"[aN]{t) as done before. As a matter of fact, the proof of 
Lemma |4.6| also works for s" [a n] (t) and we get 

N+n 



fc=0 

The main difference between ajv(A) and the Mellin operators considered at the begin- 
ning of this section, is the additional dependence on r of the nondegenerate symbol 
h{r, z. A). The family aAr(A) is unfortunately not twisted homogeneous and Lemma |4.5| 
cannot be applied. However, we have the following 

Lemma 4.8. Let < t < 1 and N eN. Then, s'[aN]{t) = 0(i^/'"). 

Proof. We can write fca„ (A, r, r) = r™^+^i^Ar(A, r) with 



K^iX, r) = r-'J J ^(1 - ef-'MOr, r, r'"A)dMr. 

Since (1 - 9)^-^ = Y.k=Q (^aT^) ("1)''^'°' function ifjv(A,r) can be split, inducing 
a corresponding decomposition s'[ajv](0 — '^k=o '^N,kSk{t) with 

Skit) = t'^^'J^ e-*^ ^^e+N-i ^ gk^g^^ r"'X)d9dT^ dXdr 

= t(A'-i-fc)/™ r f ^mi+N-i f ff' Qk^Q^^ r"A)dMr^ dXdr 



after the change of variables A t~^A, r t^/"^r, and 9 t^^/"^9. Now, 

e^h{er,T,r"'X)d9 = ^t('=+i)/™/i($tr, t, r"A) 
for some S^t G [0,*^^™], and so 

Skit) = /'X^"^^"'^"^ ' (/ '^(^*^'^'^"^)'^^) '^^^'^ 

which is Oit^/™') since the integral is uniformly bounded. □ 
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Theorem 4.9. Let A be a cone differential operator of order m > such that ^ — A 
is parameter- elliptic with respect to some 7 € K on a sector A as given in Section ^.1 
Then, the heat trace admits the asymptotic expansion 



k=Q fc=0 



logi, as i — > 0"* 



where Ck and are constants depending on the symbolic structure of A. 

Proof. Actually, we only need to put together all the single expansions obtained in this 
section. The asymptotic summation here means: 

For a given if e N there exists N{K) e N and Ck > such that 



Tr e 



N-1 

E 

k=0 



Tk{t) 



K 



for every N > N{K) and < t < 1, where Tk{t) is some expression of 'degree' k 
from the right-hand side above, that is, Tk{t) is a linear combination of terms like 
^(fe-Q)/m ^ ^i^-j^ a = or n + 1, and /3 = or 1. 

First of all, we choose ^ € N large enough such that {A — A)^^ is of trace class. 
Hence the family E^^\t) from (4.10) is of trace class too, and Corollary 4.2 together 



with Theorem B.6 imply: for a given K €N there are N{K) and Ck > such that 



Tr e 



-tA 



TtEI 



< CkI 



K 



for < t < 1. Recall that Ei^\t) = 'Ek=o E^kit) + Rwit) with Ee^k{t) and i?Ar(t) 



as in (4.12). By definition, every Ee^k{t) splits into a component supported in the 
interior of B and another one supported near dM. It is known (cf. 0, Sec. 1.8.1]) 
that the trace of the interior part is of the desired form due to the homogeneity of the 
local symbols. On the other hand, all the components supported near the boundary 
are either operator-valued Green symbols o r pa rameter-dependent Mellin operators 
with de gen erate sy mbol s. By using Lem ma 4.4 for the integrals of Green type and 
Lemma 4^, Lemma 4^ and Lemma L8 for the rest, we obtain the desired expansion 
integrating over the manifold X the local expansions obtained there. □ 



5. Appendix 

A. Parameter-dependent pseudodifTerential operators. In this section we give 
the basic definitions of the local parameter-dependent symbols that we use in this 
paper. For further information the reader is referred, for instance, to the book of 
Shubin IH, Section 9]. 

Let n be an open set in C M", and let A be a closed angle in C with vertex at the 
origin. Let ^ G R, d e N. A function p{x, A) € C°°{il x E" x A) is said to be in the 
class of symbols S^''^{il x R"; A) if for any multi-indices a, (3 ^ Nq, 7 G Nq, and any 
compact set K C ^ there is a positive constant Ca.p^-y.K such that 

\D1Dl,Dlp{x,i, A)| < C^^p,,.k{1 + \i\ + |A|i/^)'^-l"l-''l^l 
for a; S if, ^ e M", A G A. The smoothing elements 

S-°°[n X R"; A) ;= Pi S''^''{n X M";A) 
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are independent of d. To every symbol p G S^''^{^1 x M"; A) we associate the operator 
family P(A) = op^{p){X) given by 

[P{X)u]{x) := [ [ e'^''-y^^p{x,^,X)u{y)dyd£_ iorueC^{n). 



It is a pseudodifferential operator of order ^ depending smoothly on the parameter 
A G A with anisotropy d; we write P{X) G L^''^{n; A). When d = 1 wc omit it from the 
notation. 

A function /(a;,^, A) on O x M" x A is called (anisotropic) homogeneous in A) of 
degree {v, d) if 

/(x,rC,r''A) = r^/(x,e,A) for every r > 1. 

The class S'^f'{Vt x M"; A) of classical pseudodifferential symbols is defined as the 
space of symbols p G S^''^{n x R"; A) that admit an asymptotic expansion of the form 

oo 

Pix,S.,X) - ^p^-j{x,S,,X), 

where each p^^j is homogeneous of degree (fj, — j, d) for |^| + |A|^/'' > 1. 

For d = (di,o?2) G a smooth function p is said to be in S''''^{n x M";M^ x A), 
if for any a,/? G Nq, 7 G Nq^^, and any compact if C il there is a positive constant 
C = C(a, (3, 7, K) such that 

\D^D^^D2^DlMx,^, g,X)\< C(l + lei + \g\'^'^ + \x\i/'i^)'^~^-^~''^M~<i... 
for a; G if, C e M" and {g, A) G x A. 

B. Green cone operators. In this section we only discuss a special class of Green 
operators that describes sufficiently well the smoothing elements appearing in our con- 
text. For recent and more general results concerning Green cone operators we refer to 

. . . 

Let us begin by pointing out some embedding properties of the weighted Sobolev 
spaces on the manifold IB (cf. Section 2.2). 

Lemma B.l. For s > s',7 > 7' the embedding H'^'^{M) ^ (B) is continuous. 

If "/ > 7', then it is compact if s > s' , Hilbert- Schmidt if s > s' + dimB/2, and trace 
class when s > s' + dimB. 

The intersection over s G M of all these spaces will be denoted by 7i°°''''(B), and will 
be topologized as the projective limit 'H°°'''(E) = proj lim^gj^j W''''(B) for every 7 G M. 
Finally, we introduce the space 

(5.1) H°°'^"(B) := projlim7i:'^'''-^(B). 

feeN 

Observe that H°°''^(B) ^ H°°-''' (B). Moreover, n°°-'^' (B) is nuclear since the embed- 
ding 7^'='^^"17(B) ^ n''^'y-i{M) is Hilbert-Schmidt for k' > k + ■^^±1). 

Definition B.2. Let 7, (5 G M. An operator G G fl^ s'eR 'C(7i:"'^(B), ^^"'■''(B)) is called 
a Green operator if there is an e = ^(G) > such that 

G : H''''iV,) ^ H''''^+%V,) and G* : n''~\V,) H'''-''+'iM) 

are continuous maps for all s, s' G M, where G* is the formal adjoint of G with respect 
to (•,-)^o,o. The space of Green operators with asymptotic data (7,(5) is denoted by 
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Cg(B, (7, 5)), or Cg(B, (7, if we fix the value of e > 0. The latter is a Frechet 
space with the system of (semi)norms {| • js, | • \^ for S — (s, s') e Z'^} given by 

Example B.3. If oji and uj2 are cut-off functions on B, then 

(1 - Lu,)L-°- {mtM){l - L02) C Cg(B, (7, 5)), 
for every 7, (5 e M and e > 0. 

Example B.4. Let K e 'H°°-'^+^{M)®-„n°"-^+^{^ for 7, 5 e M and e > 0, where (g)^ 
denotes the projective tensor product. The operator G defined by 

Gu{y)^ [ K{y,y')u{y')dy' ioru^C^{M), 



is an element of Cg(B, (7, <^))e- Here, dy' denotes the measure induced by the fixed 
metric on B. 

Theorem B.5. Lei 7, (5 G R, e > and G € Cg(B, (7, (5))e. For every s,s' € M the 
operator G belongs to C^iTi.^"^ iV)^l-L'' '''(B)), the space of Hilbert- Schmidt operators. 
Moreover, its kernel satisfies 

Kg £ H°°'(-^+''^"(B)®^W°°'(''+"^"(B). 

In fact, G is in £2(W''*','H* '^) because it maps 'W''' '}^oo,s+e continuously, and 



the embedding 7-^°°'^+^ ^ is in £2 for every s' e R, see Lemma BA_. Observe 

that because of the relation 

-^oo,(-7+£)-(B)g3^7^oo,(5+e)-(j8) ^ C°^(intB)®^C°°(intB) = C°°(intB x intB), 

we clearly have Cg(B, (7, 5))^ C L"°°(intB) for all 7, 6 and e. 

For our purposes it is convenient to describe the kernels of Green operators with the 
help of the Hilbert tensor product. If Hi and H2 are Hilbert spaces then the tensor 
product Hi H2 is defined as the space of finite dimensional operators i/{ H2 
endowed with the topology of C2{H[, H2). Hence 

Hi^hH2 ~ C2{H'i, H2) (completion). 

This concept of tensor product extends to the so-called hilbertizable locally convex 
spaces, i.e., spaces whose completion can be written as a reduced projective limit of 
Hilbert spaces. Nuclear spaces are hilbertizable. For further details we refer to 0, 
25 1, Let us just point out some basic properties. If E and F are hilbertizable 

spaces then E®hF is hilbertizable. Furthermore, E^t^F ^ E^„F ^ E^^F, so if E 
or is a nuclear space, then 

E®^F ^ E^,F = E®hF. 
Furthermore, the Hilbert tensor product commutes with projective limits, e.g., 

H°°''^"®«H°°'*" ^Wo]^^^'H^'^'^®h'H^''^^^ for7,(5GR. 
fe,fc'eN 



According to Theorem p3.5| the kernel of G G Cg(B, (7, 5))^ belongs to 
for every 5e < S + e and — 7^ < —7 + e. 
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The embedding properties from Lemma |B.l| together with some standard results 
from functional analysis, cf. p6| , Appendix 3], imply the following 

Theorem B.6. Let G he an operator of order —fi < — dimB. Assume further that 
G : H"+'''T+^(B) is hounded for some 7 e M, e > 0, and all s e M. Then G 

is of trace class on W''''(B) and, for any k > s + dimB and 7 < 7e < 7 + e, 

|TrG| < C \\G\\^^y^-k,-,^-}^k,-,,-j 

for some C > 0. Notice that every G G Cg(B, (7, 7))£ is of this form. 

C. A class of operator-valued symbols. One of the main ideas of Schulze's edge 
calculus is to consider the operators (near the edge) as operator- valued symbols acting 
on Banach spaces together with groups of isomorphisms. In this section we introduce 
analogously a class of anisotropic symbols similarly to but here on conical subsets of 
the complex plane. In this context, every Banach space E will be considered together 
with a strongly continuous group action {kt-Itsk+i that is, a group of isomorphisms on 
E satisfying 

1. T i—f Kt e : R_|_ — > i? is continuous for each e € E, 

2. K^Kct = Krcr for all T, (T > 0. 

The following estimate can be obtained by means of the Banach-Steinhaus theorem. 
For a proof see, e.g.. Remark 2.2 in [Q. 

Lemma C.l. There are constants C,M > such that 

<Cmax(r,r-i)*^. 

Let us fix a positive smooth function [•] : C — > M+ with [A] ~ \X\ for |A| > 1. We 
also fix d S N to describe the anisotropy. Further, let us set 

(5.2) [X]d '■— [A]^/*^ and k(A) :— K[\]^ for some group action {Kr}reR+. 

For the rest of this section let A C C be a conical set. Let also Eq and Ei be Banach 
spaces with group actions kq = {Ko,r}TeR+ and ki — {Ki,r}T£R+, respectively. 

Definition C.2. Let fx € R. A function a G C°°{A, C{Eo, Ei)) is said to be in the 
space S^''^{A; Eq, Ei) of operator-valued symbols, if for every a G Ng there is a constant 
Ga > such that 

(5.3) ||«-i(A){9XA)}«:o(A)||^(^^_^^) < C„[A]r""' 
for all A G A. Furthermore, we define 

S-°^{A;Eo,Ei):^ f| S^^^iA; Eo, E,) = S{A, C{Eo, E^)) 

which is independent of d and the group actions kq, ki. 

Most of the usual symbol properties (e.g. embedding, composition, asymptotic 
summation, etc.) that are known for the scalar- valued symbols, can also be formulated 
in the operator- valued case (see e.g. Q). 

Proposition C.3. Let /j,, /i G M and E2, E3 he further Banach spaces. Then 

1. S''-'^{A;Ei,E2) S''''^{A;Eo,E3) if Eq ^ Ei and E2 ^ E3 with m = kq on 
Eq and K3 = K2 on E2, 

2. S^'''^{A■,Eo,El) ^ S^'+'^''>+'^■'^^'^{A■, Eg, Ei)^^^), where Mq and Mi are associated 
to Kq and Ki as in Lemma \C.f\ , and the subscript (id) means that Eq and Ei are 
considered with the trivial group action k — id, 
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3. ^^S^'^'^{A■,Eo,El) c SI'-'^\°'^''^{A;Eq,Ei) for every a e N^, 

4. S^'^^iA; El, E2) ■ Si^'^^iA; Eq, Ei) c S^'+'^''^{A■, Eq, E2). 

An operator-valued function a e C°°(A, C{Eq, Ei)) is called twisted homogeneous of 
degree {fi,d) (with respect to the group actions kq and ki) if 

(5.4) a(r''A) = r^Ki,^ a(A) Ko,r 
for all T > 1 and A G A sufficiently large. 

Lemma C.4. Let Eq and Ei be Banach spaces over = M+ x X with the same 
group action. Let a e C°°{A,C(Eo,Ei)) be twisted homogeneous of degree {^i,d), and 
assume that every a(A) is an integral operator with kernel ka{X,r,x,r' ,x'). Then 

(5.5) kair'^X, r, x, r', x') = ri'+^k^iX, rr, x, rr', x') 
for every r > 1 and A e A sufficiently large. 

The concept of twisted homogeneity allows to define classical symbols: 

Definition C.5. The space S'^/(A; Eq, Ei) is the subspace of S^'^'^(A; Eo,Ei) consist- 
ing of symbols a(A) with an expansion a(A) ~ ^'jLo'^fi-jW such that every a^-j is 
twisted homogeneous of degree {/j. — j, d). In this case we call a'' (a) (A) := a^(A) the 
principal part of a(A). 

Example C.6. If a G C°°{A, C{Eq, Ei)) is twisted homogeneous of degree (/x, d), then 
aGS^f{A;Eo,Ei). 

Proposition C.7. Let the symbol a e S'^''^{A; Eq, Ei) be such that a{X) : Eq Ei 
is an invertible operator for every A e A. Then a~^ G S~^''^{A;Ei,Eo) if and only if 
\\Ko\X)a{X)-^Ki{X)\\^^^^^^^^ < C[A]7 for some C> 0. 

Green operator-valued symbols 

Let /X, 7, (5 e M, d e N and e > 0. The function 

flG Pi C°°(A,£(/C"'T(X^)'^,/C"'''^(X^)<^')), 

where S = (s, s', a, a'), is said to bo in the class Rq''(A, (7, S))^ if and only if 

g€ f] S^''^(A;/C"''^(X^)^,/C"''^+^(A:^)<^') and 

egk* 

5*e fl S^l''{A;IC''-\x'')'',IC'''-^<+'iX'Y). 

where g*{X) is the pointwisc formal adjoint of g(A) in /C'''^. Furthermore, we denote by 
Rq'^{A, (7, S)) the union for £ > of all these classes. Every element g G Rq''(A, (7, S)) 
is called a Green symbol of order (/z, d) with weight data (7, (5). As a classical operator- 
valued symbol such a Green symbol g has a twisted homogeneous principal component 
which we denote a'^{g){X). Finally, we set 

Rg°°(A,(7,(5)) := nR&'(A,(7,<5)) 
which is independent of d and the group actions involved. 
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